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Abstract
In 1998, Allan, Kakiko, O’Farrell, and Watson proved a description of the closure (with respect to the
uniform convergence of all derivatives on compact sets) of A (ψ) = {F ◦ ψ : F ∈ E (Rd)} for a smooth
injective symbol ψ : R → Rd in terms of formal Taylor series. In that article it was conjectured that A (ψ)
is closed if ψ is proper and has only critical points of finite order. In the present paper we first give a simple
counterexample and then rectify the conjecture by adding a geometrical property for the curve ψ(R). This
yields a characterization of A (ψ) =A (ψ).
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction and main result
Composition operators F → F ◦ψ on the space E (Rd) of C∞-functions are well understood
if ψ is an analytic symbol, we only mention Glaeser’s article [4], the books of Malgrange [6]
and Tougeron [9], and the work of Bierstone and Milman [2,3]. However, if the symbol is only
smooth relatively little is known and even for an injective ψ : R → Rd the behavior of the algebra
A (ψ) = {F ◦ψ : F ∈ E (Rd)}
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Reviews writes, “this is the sort of thing one imagines was tended to years ago”. In 1998, Allan,
Kakiko, O’Farrell, and Watson [1] described the closure of this algebra in E (R) (endowed with
the topology of uniform convergence of all derivatives on compact sets) in terms of formal Taylor
series. We will need the following version of their result:
Theorem (Allan, Kakiko, O’Farrell, and Watson). For a smooth injective ψ : R → Rd and f ∈
E (R) one has f ∈A (ψ) if and only if for every critical point a of ψ (i.e., ψ ′(a) = 0) there is
F ∈ E (Rd) such that f (n)(a) = (F ◦ψ)(n)(a) for all n ∈ N0.
The original result of Allan, Kakiko, O’Farrell, and Watson is somewhat stronger requir-
ing only that the formal Taylor series of f in a is a certain composition with the Taylor series
of ψ – this is immediately implied by the condition in the formulation above.
The aim of this article is to characterize when A (ψ) is closed. For the sake of precision let
us quote from [1] where A =A (ψ) and D is its closure:
The referee of this paper conjectured that A = D is probably true for those ψ : R → Rd
that are proper, injective, and have only critical points of finite order. This is a reasonable
conjecture, and could probably be approached by using the methods that work for analytic
functions.
Recall that a map is proper if preimages of compact sets are always compact, and having finite
order means, of course, that ψ(n)(a) 	= 0 for some n ∈ N, the minimal n with this property being
the order of a. Here is a very simple example disproving this conjecture.
Example. Consider ϕ(t) = exp(−1/t) for t > 0, ϕ(t) = 0 for t  0, and ψ(t) = (t2, ϕ(t)). Then
ψ : R → R2 is smooth, injective, and proper with only one critical point of order 2 but A (ψ) is
not closed.
Indeed, as a consequence of the above cited theorem of Allan, Kakiko, O’Farrell, and Wat-
son every f ∈ E (R) which is flat on the critical set (which means that the function and all its
derivatives vanish there) belongs to A (ψ). Hence, in particular, f (t) = √ϕ(t) is in the closure
of A (ψ). Assume that there is F ∈ E (R2) with f = F ◦ψ . For all positive t we thus obtain
exp
(
− 1
2t
)
= f (t)− f (−t) = F (t2, ϕ(t))− F (t2, ϕ(−t)).
As a continuously differentiable function F is locally Lipschitz continuous and there is thus a
constant C > 0 such that for all 0 < t  1
exp
(
− 1
2t
)
= ∣∣F (t2, ϕ(t))− F (t2, ϕ(−t))∣∣ C∣∣ϕ(t)− ϕ(−t)∣∣= C exp
(
−1
t
)
.
For t → 0 we get a contradiction.
As our theorem below will show, the reason for A (ψ) 	=A (ψ) in this example is the very
sharp cusp of ψ(R) at ψ(0). Following the book of L. Schwartz [8, III.9] we call an arcwise
connected set M ⊆ Rd Whitney regular if for every ξ ∈ M there are C,ε > 0 and an exponent
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C|x − y|γ (i.e., they can be joined by a rectifiable curve in M of that length). Our main result
reads as follows:
Theorem. Let ψ : R → Rd be a smooth injective curve. Then A (ψ) = {F ◦ ψ : F ∈ E (Rd)}
is closed in E (R) if and only if ψ is proper, has only critical points of finite order, and has a
Whitney regular image ψ(R).
Since ψ is injective the geodesic distance between two points ψ(a) and ψ(b) with a < b is
of course
∫ b
a
|ψ ′(t)|dt . Using this we obtain that the composition operator has closed range if
and only if ψ is not only a homeomorphism between R and ψ(R) (which always holds if ψ is
proper) but even a local Hölder isomorphism:
Corollary. A smooth injective symbol ψ : R → Rd induces a composition operator E (Rd) →
E (R), F → F ◦ψ with closed range if and only if the inverse of ψ is locally Hölder continuous,
i.e., for all z ∈ ψ(R) there are ε,C,α > 0 such that |ψ−1(u) − ψ−1(v)|  C|u − v|α for all
u,v ∈ ψ(R)∩B(z, ε).
Compared to Whitney regularity the condition in this corollary might look more appropriate
for a direct proof thatA (ψ) is closed which would require concrete estimates of all derivatives of
F in terms of those of F ◦ψ in order to show that the composition operator is open onto its range
A (ψ). We do not claim that this approach is impossible but in view of Faà di Bruno’s formula
for the n-th derivative of a composition one would probably run into very technical estimates.
We are going to use instead the closed range theorem for operators T : X → Y between Fréchet
spaces which says that T has closed range if and only if every continuous linear functional u ∈ X′
which vanishes on the kernel of T has a representation u = v ◦ T for some v ∈ Y ′. In our case, it
will quite easily turn out that u is a distribution on Rd with compact support in ψ(R). If this set
is Whitney regular one can get continuity estimates for |u(F )| only in terms of derivatives of F
on the set ψ(R) which then can be used to construct v. (Recall that, in general, one would need
either derivatives of F on some neighborhood of the support of u or the far less handy Whitney
norms of F on the support.)
Before starting with the proofs we would like to mention that it is not the flatness of the
second component in the example which causes A (ψ) 	=A (ψ). This is shown by the example
ψ˜(t) = (t2, t2 + ϕ(t)) which generates the same algebra A (ψ˜) =A (ψ). On the other hand, the
symbol (t3, ϕ(t)) generates a composition operator with closed range (which follows from the
corollary) although one component is flat at the critical point.
2. Sufficiency
Throughout, ψ : R → Rd is a smooth and injective function. Let us start with two elementary
consequences of the conditions from our theorem.
Lemma 1.
(a) If ψ is proper then it is a homeomorphism R → ψ(R) with closed image.
(b) If every critical point is of finite order then E = {a ∈ R: ψ ′(a) = 0} is discrete.
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set K ⊆ R which is enough since ψ is proper and Rd is locally compact.
To prove the second part assume that E is not discrete. Then there is a monotone convergent
sequence an → a in E. Applying Rolle’s theorem to each component ψj of ψ we find monotone
sequences bj,n → a such that ψ ′′j (bj,n) = 0 which implies ψ ′′(a) = 0 by continuity. Repeating
this argument we get the contradiction ψ(n)(a) = 0 for all n ∈ N. 
The next lemma is already a very particular (local and one-dimensional) case of our result.
For a compact set M ⊆ Rd let D(M) be the closed subspace of E (Rd) of smooth functions with
support in M .
Lemma 2. Let φ : [a, b] → [c, d] be a smooth bijection whose only critical point is a which
is of finite order. Then its inverse θ = φ−1 : [c, d] → [a, b] induces a continuous composition
operator D([a, b]) →D([c, d]), f → f ◦ θ .
Proof. We may assume φ(a) = c. The continuity of the operator will follow from the closed
graph theorem once we have shown that it maps indeed D([a, b]) into D([c, d]). For f ∈
D([a, b]) the composition f ◦ θ is continuous on [c, d] and C∞ in (c, d] since θ is C∞ there.
We thus have to show (f ◦ θ)(n)(y) → 0 for y → c and all n ∈ N0 which we will do by induction.
The case n = 0 is clear since θ is continuous, and the induction step will follow from the chain
rule
(f ◦ θ)(n+1) = ((f ′ ◦ θ) · θ ′)(n) =
(
f ′ ◦ θ
φ′ ◦ θ
)(n)
once we have shown f ′/φ′ ∈D([a, b]). This however follows again by induction using l’Hospi-
tal’s rule and the hypothesis that a is of finite order. 
From now on we will assume that ψ satisfies all three hypotheses of the theorem and has
the (discrete) critical set E = {a ∈ R: ψ ′(a) = 0}. The first step in the proof is contained in
[1, factorization lemma]. We will give an explicit construction which will be useful later on.
Step 1. Every f ∈ E (R) with support in R \E belongs to A (ψ).
Proof. For each x ∈ supp(f ) there is a coordinate ψj(x) of ψ whose derivative has no zero in
some open interval Ix  x so that this coordinate is a diffeomorphism there. This will easily
give a local factorization: We set Jx = ψj(x)(Ix) and we choose an open set Mx ⊆ Rd such that
ψ(Ix) = ψ(R) ∩ Mx and πj(x)(Mx) ⊆ Jx where πj : Rd → R denotes the canonical projection
(there is such an Mx because ψ is a homeomorphism by Lemma 1). Then
Fx = f ◦ψ−1j (x) ◦ πj(x)
is a smooth function on Mx satisfying Fx ◦ψ = f on the interval Ix .
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(φx)x∈supp(f ) subordinate to the covering (Mx)x∈supp(f ) of ψ(supp(f )) and set
F =
∑
x∈supp(f )
φxFx. 
Step 2. Let I be a compact interval containing only one critical point a. Then every f ∈ D(I )
which is flat at a belongs to A (ψ).
Proof. Since we know how to factorize in the noncritical case and since we can paste local
factorizations as in the proof of Step 1 we may decrease the interval in such a way that there is a
coordinate ψk having only the critical point a in I which is of finite order.
Since we may write f ∈D(I ) as f = f+ + f− with f± having support to the right respec-
tively left of a we only need to consider f ∈D([a, b]) for some b > a such that [a, b]∩E = {a}.
Put in a functional analytic form it is enough to prove that the Fréchet space D([a, b]) is
contained in the range of the restricted composition operator
T : X →D([a, b]), F → F ◦ψ
where X = {F ∈ E (Rd): F flat on ψ(R\[a, b])} is also a Fréchet space (being closed in E (Rd)).
Note that the space D((a, b)) of functions having support in the open interval (a, b) is dense in
D([a, b]) and contained in the range of T by Step 1. It is therefore enough to show that the range
of T is closed which we will prove using the closed range theorem, see e.g. [7, 26.3]. We thus
have to show
kern(T )⊥ ⊆ range(T t)
where T t :D([a, b])′ → X′, v → v ◦ T is the transposed operator between the continuous duals
and kern(T )⊥ = {u ∈ X′: u(F ) = 0 for all F ∈ X with F ◦ψ = 0} is the annihilator of the kernel
of T .
Let us thus fix u ∈ kern(T )⊥ which, by the Hahn–Banach theorem, can be extended to a
distribution with compact support u˜ ∈ E ′(Rd). Then u˜ has support in ψ(R) since every φ ∈
D(Rd) with supp(φ)∩ψ(R) = ∅ satisfies φ ∈ X, T (φ) = φ ◦ψ = 0, and thus u˜(φ) = u(φ) = 0.
We are looking for v ∈ D([a, b])′ with v ◦ T = u and we will first define v on the dense
subspace D((a, b)) of D([a, b]) using the construction in Step 1. For f ∈D((a, b)) we choose
an open set M ⊆ Rd such that ψ((a, b)) = M ∩ψ(R) and πk(M) ⊆ ψk((a, b)) as well as a cut-
off function ϕ ∈ D(M) which is equal to 1 in a neighborhood of ψ(supp(f )). Then we define
F = ϕ · (f ◦ ψ−1k ◦ πk) on M and extend it by 0 outside M so that F ∈ X and F ◦ ψ = f . We
may thus define
v(f ) = u(F ).
Note that v :D((a, b)) → C is a well-defined linear map since u ∈ kern(T )⊥. In order to extend
v to all of D([a, b]) (either by the Hahn–Banach theorem or by uniform continuity) we have to
prove its continuity and this is the point where the Whitney regularity of ψ(R) is needed (remem-
bering the counterexample with the very sharp cusp one sees that, without further assumptions,
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of |v(f )| only in terms of the derivatives of f ). The crucial property of Whitney regular sets
(for connected sets it is even a characterization) is described in [5, Theorem 2.3.11]: Every dis-
tribution with compact support in ψ(R) has a continuity estimate involving only finitely many
derivatives on ψ(R). There are thus n ∈ N and C > 0 such that for all φ ∈D(Rd)
∣∣u˜(φ)∣∣ C‖φ‖n,ψ(R) = C sup{∣∣∂αφ(z)∣∣: |α| n, z ∈ ψ(R)}.
Now, all derivatives of F = ϕ · (f ◦ ψ−1k ◦ πk) and f ◦ ψ−1k ◦ πk coincide in a neighborhood of
ψ(supp(f )) ⊆ ψ([a, b]). Since, moreover, ϕ ∈D(M) we therefore obtain
∣∣v(f )∣∣= ∣∣u(ϕ · (f ◦ψ−1k ◦ πk))∣∣ C∥∥ϕ · (f ◦ψ−1k ◦ πk)∥∥n,ψ(R)∩M
= C∥∥f ◦ψ−1k ◦ πk∥∥n,ψ(R)∩M = C
∥∥f ◦ψ−1k ◦ πk∥∥n,ψ([a,b]).
This can be further estimated by some norm ‖f ‖m,[a,b] because the projection and, in view of
Lemma 2, also ψ−1k induce continuous composition operators.
We have shown that v :D((a, b)) → C is continuous with respect to the Fréchet space topol-
ogy of D([a, b]) and hence we can extend it to v˜ ∈D([a, b])′. We still have to show v˜ ◦ T = u
which is the case on the subspace {F ∈ X: F ◦ψ ∈D((a, b))} of X since its elements are mapped
to D((a, b)). It thus remains to notice that this subspace is dense in X which follows, e.g., from
[5, Theorem 2.3.3] and the theorem of bipolars (or, without duality theory, by multiplying with
cut-off functions as in the proof of that theorem from Hörmander’s book). 
Step 3. A (ψ) is closed.
Proof. Fix f ∈A (ψ). Since the critical set E is discrete and ψ is proper we may choose open
and pairwise disjoint intervals Ia  a as well as open disjoint Ma ⊆ Rd with ψ(Ia) = Ma ∩ψ(R)
for all a ∈ E. Moreover, we fix ϕa ∈D(Ma) which are equal to 1 in some neighborhood of ψ(a).
The theorem of Allan et al. gives Fa ∈ E (Rd) such that f − Fa ◦ ψ are flat at a, and hence
ga = (f −Fa ◦ψ) · (ϕa ◦ψ) are flat at a with support in the interval Ia whose only critical point
is a. Because of Step 2 each ga is thus a composition ga = Ga ◦ ψ where we can assume that
Ga has support in Ma (by multiplying with a cut-off function in D(Ma) which is equal to 1 near
ψ(supp(ga))). We set G =∑a∈E Ga + Faϕa and h =∑a∈E ϕa ◦ψ and obtain
f h =
∑
a∈E
f · (ϕa ◦ψ) =
∑
a∈E
ga + (Fa ◦ψ) · (ϕa ◦ψ) = G ◦ψ.
Moreover, f (1−h) has support outside the critical set and is thus a composition by Step 1, hence
f = hf + (1 − h)f is a composition. 
3. Necessity
Throughout this section let ψ : R → Rd be an injective and smooth symbol such that A (ψ)
is closed in E (R). The open mapping theorem then implies that the composition operator
T : E (Rd) →A (ψ) is open. Using that sets of the form {F ∈ E (Rd): ‖F‖m,K  ε} with m ∈ N,
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compact there are n ∈ N, I ⊆ R compact, and c > 0 such that
{
f ∈A (ψ): ‖f ‖n,I  1
}⊆ T ({F ∈ E (Rd): ‖F‖1,K  c}).
For all f ∈A (ψ) there is thus F ∈ E (Rd) with
f = F ◦ψ and ‖F‖1,K  c‖f ‖n,I if ‖f ‖n,I 	= 0 and ‖F‖1,K  1/2 otherwise.
Step 1. ψ is proper.
Proof. For a compact set K ⊆ Rd we take n, I , and c as above and we claim that K ∩ ψ(R) ⊆
ψ(I). Otherwise there are y = ψ(x) ∈ K and G ∈D(Rd \ψ(I)) with G(y) = 1. Then G ◦ψ ∈
A (ψ) and there is thus F ∈ E (Rd) with G ◦ ψ = F ◦ ψ and ‖F‖1,K  1/2. This yields the
contradiction 1 = |G(ψ(x))| = |F(ψ(x))| = |F(y)| 1/2. 
To continue we use the chain rule f ′(x) =∑dj=1 ∂jF (ψ(x))ψ ′j (x) and the Cauchy–Schwarz
inequality to obtain
∣∣f ′(x)∣∣ c‖f ‖n,I ∣∣ψ ′(x)∣∣ whenever ψ(x) ∈ K and ‖f ‖n,I 	= 0.
In order to evaluate this condition we fix ϕ ∈D((−1,1)) with ϕ′(0) = 1 and we set cn = ‖ϕ‖n,R.
For every y /∈ E with ψ(y) ∈ K we define r = r(y) = dist(y,E) = min{|a − y|: a ∈ E} and
f (x) = ϕ((x − y)/r). Then supp(f ) ⊆ (y − r, y + r) ⊆ R \ E and hence f ∈A (ψ) by Step 1
in the proof of sufficiency. Since f ′(y) = 1/r and ‖f ‖n,I  cn/rn we obtain (with εn = 1/ccn)
(∗) ∣∣ψ ′(y)∣∣ εnrn−1 whenever ψ(y) ∈ K
because ψ(y) ∈ K implies y ∈ I and hence ‖f ‖n,I 	= 0.
Step 2. Every critical point is of finite order and, in particular, E is discrete.
Proof. Assume that there is a critical point a of infinite order. We apply the above to a fixed
compact neighborhood K of ψ(a) to obtain n and εn. Next we choose δ > 0 such that L =
[a − δ, a + δ] satisfies ψ(L) ⊆ K and
∣∣ψ(n)(x)∣∣< εn/d(2n)n−1 for all x ∈ L.
Since dist(·,E) is continuous on L there is y ∈ L such that
r = dist(y,E) = max{dist(x,E): x ∈ L}.
Then every closed subinterval of L of length 2r contains a critical point, and hence every subin-
terval of length 2nr contains n critical points. If y is contained in a subinterval J of length 2nr we
repeatedly apply Rolle’s theorem to each component ψj of ψ and obtain points z1, . . . , zn−1 ∈ J
with ψ(k)(zk) = 0. If y is not contained in a subinterval of L of length 2nr we have |y−a| 2nrj
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w ∈ J . We now apply the mean value theorem n− 1 times to obtain ξ2, . . . , ξn ∈ J such that
∣∣ψ ′j (y)∣∣= ∣∣ψ ′j (y)−ψ ′j (z1)∣∣= ∣∣ψ ′′j (ξ2)∣∣|y − z1| ∣∣ψ ′′j (ξ2)−ψ ′′j (z2)∣∣2nr
= ∣∣ψ(3)j (ξ3)∣∣|ξ2 − z2|2nr  ∣∣ψ(3)j (ξ3)−ψ(3)j (z3)∣∣(2nr)2
...

∣∣ψ(n)j (ξn)∣∣(2nr)n−1.
This last product, however, is strictly less than εnrn−1/d , and hence we conclude |ψ ′(y)| <
εnr
n−1 in contradiction with (∗). 
Step 3. The inverse ψ−1 : ψ(R) → R is locally Hölder continuous.
Proof. Since ψ is a diffeomorphism outside the critical set E it is enough to prove the Hölder
continuity of ψ−1 at every ψ(a) for a critical point a which, for notational convenience, we
may assume to be 0. Since we already know that E is discrete and ψ is proper, ψ(0) is an
isolated point of ψ(E) and we may choose a compact, convex neighborhood K of ψ(0) with
ψ(E)∩K = {ψ(0)}. As before we take n, I , c, and εn from above according to K .
Let m be the order of the critical point 0 and choose a coordinate ψk with ψ(m)k (0) 	= 0. Then
there is an interval J = [−δ, δ] such that ψ ′k has no further zero in J . Applying l’Hospital’s rule
m− 1 times we see that all quotients ψ ′j (x)/ψ ′k(x) have a limit at 0 and we thus obtain
∣∣ψ ′(x)∣∣ c˜∣∣ψ ′k(x)∣∣
for all x ∈ J and some constant c˜ 1.
Decreasing δ we may additionally assume ψ(J ) ⊆ K and dist(x,E) = |x| for all x ∈ J . We
are going to prove an estimate
|x − y| C∣∣ψ(x)−ψ(y)∣∣1/n
in J , and to do so we distinguish the two cases where x, y have equal or different signs.
In the first case we may assume 0 < x < y so that ψ ′k has constant sign on [x, y]. Using (∗)
from above we obtain
∣∣ψ(y)−ψ(x)∣∣ ∣∣ψk(y)−ψk(x)∣∣=
∣∣∣∣∣
y∫
x
ψ ′k(t) dt
∣∣∣∣∣=
y∫
x
∣∣ψ ′k(t)∣∣dt
 1
c˜
y∫
x
∣∣ψ ′(t)∣∣dt  εn
c˜
y∫
x
tn−1 dt = εn
nc˜
(
yn − xn)
 εn (y − x)n,
nc˜
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zn − 1 = (z − 1)
n−1∑
=0
z  (z − 1)zn−1  (z − 1)n.
Multiplying with nc˜/εn and taking the n-th root gives the desired estimate in this first case.
In the second case we have x < 0 < y and we apply the estimates from the open mapping
theorem to different functions. We consider a fixed χ ∈ D((−1,1)) with χ(0) = 1 and kn =
‖χ‖n,R. Since for x ∈ J we have dist(x,E) = |x|, the function f (t) = χ((t −x)/|x|) has support
in (2x,0) ⊆ R \ E. As before, f ∈ A (ψ) and there is thus F ∈ E (Rd) with f = F ◦ ψ and
‖F‖1,K  c‖f ‖n,I  ckn/|x|n. Since x < 0 < y we have f (y) = 0 and we obtain
1 = f (x)− f (y) = F (ψ(x))− F (ψ(y)) ‖F‖1,K ∣∣ψ(x)−ψ(y)∣∣ ckn|x|n
∣∣ψ(x)−ψ(y)∣∣,
which implies
|x|n  ckn
∣∣ψ(x)−ψ(y)∣∣.
Changing the roles of x and y we also have |y|n  ckn|ψ(x)−ψ(y)| which finally gives
|x − y|n  (2 max{|x|, |y|})n  ckn2n∣∣ψ(x)−ψ(y)∣∣. 
To finish the proof of the theorem as well as the corollary it remains to note:
Step 4. If ψ−1 : ψ(R) → R is locally Hölder continuous then ψ is proper, has only critical points
of finite order, and has a Whitney regular image ψ(R).
Proof. That ψ is proper is implied by the mere continuity of ψ−1, and that all critical points are
of finite order follows from Taylor’s theorem. To show Whitney regularity we note that for x < y
the geodesic distance in ψ(R) is just ∫ y
x
|ψ ′(t)|dt . Combining the Hölder continuity |x − y|
C|ψ(x) − ψ(y)|γ with the trivial estimate ∫ y
x
|ψ ′(t)|dt  sup{|ψ ′(t)|: t ∈ [x, y]}|x − y| ends
the proof. 
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